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In-Class Problems Week 3, Wed.

Problem 1.

Say a number of cents is makeable if it is the value of some set of 6 cent and 15 cent stamps. Use the Well
Ordering Principle to show that every integer that is a multiple of 3 and greater than or equal to twelve is
makeable.

Problem 2.
Use the Well Ordering Principle ! to prove that

ey

- K2 = nn+1)2n + 1).
2 :

for all nonnegative integers .

Problem 3.
Euler’s Conjecture in 1769 was that there are no positive integer solutions to the equation

a* +b* + ¢t = 4.

Integer values for a, b, c,d that do satisfy this equation were first discovered in 1986. So Euler guessed
wrong, but it took more than two centuries to demonstrate his mistake.
Now let’s consider Lehman’s equation, similar to Euler’s but with some coefficients:

8a* + 4b* + 2¢* = d* )

Prove that Lehman’s equation (2) really does not have any positive integer solutions.
Hint: Consider the minimum value of a among all possible solutions to (2).

Problem 4.
An n-bit AND-circuit has 0-1 valued inputs ag, ay, ..., an—1 and one output ¢ whose value will be

¢ =dayg AND aj AND --- AND a,_1.

There are various ways to design an n-bit AND-circuit. A serial design is simply a series of AND-gates,
each with one input being a circuit input @; and the other input being the output of the previous gate as
shown in Figure 1.

We can also use a tree design. A 1-bit tree design is just a wire, that is ¢ ::= a;. Assuming for simplicity
that n is a power of two, an n-input tree circuit for n > 1 simply consists of two n/2-input tree circuits
whose outputs are AND’d to produce output ¢, as in Figure 2. For example, a 4-bit tree design circut is
shown in Figure 3.

2017, Albert R Meyer. This work is available under the terms of the Creative Commons Attribution-ShareAlike 3.0
license.
Proofs by other methods such as induction or by appeal to known formulas for similar sums will not receive full credit.


http://web.mit.edu/
https://stellar.mit.edu/S/course/6/sp18/6.042
http://zacharyabel.com
http://mathworld.wolfram.com/EulersSumofPowersConjecture.html
http://creativecommons.org/licenses/by-sa/3.0/
http://people.csail.mit.edu/meyer
http://creativecommons.org/licenses/by-sa/3.0/
http://creativecommons.org/licenses/by-sa/3.0/

Figure 1 A serial AND-circuit.
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Figure 2 An n-bit AND-tree circuit.

Figure 3 A 4-bit AND-tree circuit.
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(a) How many AND-gates are in the n-input serial circuit?

(b) The “speed” or latency of a circuit is the largest number of gates on any path from an input to an output.
Briefly explain why the tree circuit is exponentially faster than the serial circuit.

(c) Assume n is a power of two. Prove using the Well Ordering Principle that the n-input tree circuit has
n — 1 AND-gates.

Problem S.
You are given a series of envelopes, respectively containing 1,2, 4,...,2™ dollars. Define

Property m: For any nonnegative integer less than 211 there is a selection of envelopes
whose contents add up to exactly that number of dollars.

Use the Well Ordering Principle (WOP) to prove that Property m holds for all nonnegative integers 1.
Hint: Consider two cases: first, when the target number of dollars is less than 2 and second, when the
target is at least 2.
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